We present a detailed analytical and numerical analysis of the inelastic coherent backscattering spectrum of laser light incident on cold atoms. We identify frequency domains where the interference contribution can be positive as well as negative -or exhibits dispersive character. These distinctive features are explained by reciprocity arguments and dressed state two-photon scattering amplitudes.
I. INTRODUCTION
Multiple scattering of light in cold atomic gases has become an area of intense theoretical and experimental research (for a recent review, see [1] ). On the experimental side, the successful observation of coherent backscattering (CBS) of light in clouds of cold atoms [2, 3] demonstrated the potential of finely tunable atomic media for detailed studies of localization and transport phenomena [4] in the weak and, prospectively, strong localization regime. On the theoretical side, it is of crucial importance to understand how interference effects are affected by various dephasing mechanisms characteristic for atomphoton interactions, for ensembles of atoms cooled down to approximately 100 µK, with, in general, degenerate electronic structure, and in the presence of inelastic scattering. It is presently also realized that multiple scattering of light in atomic clouds is relevant in the context of quantum information storage and retrieval by photons, in the parameter regime of electromagnetically-induced transparency (EIT) [5] . This promotes CBS studies toward the dynamical regime [6] . Also multiple scattering of nonclassical light [7] is presently moving into focus.
In our present contribution, we will expand on the impact of inelastic scattering processes on CBS. Experimental studies on cold Sr atoms revealed a rapid decrease of the CBS interference contrast with increasing intensity of the injected laser field, as a consequence of the saturation of the laser-driven atomic transition [8] . A much weaker sensitivity of the quality of the CBS signal was observed for Rb atoms [9] . In this latter case, inelastic processes occur on degenerate transitions [10, 11, 12, 13, 14] , while Sr atoms offer dipole transitions with a nondegenerate ground state [15] .
So far, the role of the nonlinearity of the atom-photon interaction for CBS scatterers has been theoretically investigated only for Sr atoms [16, 19, 20, 21, 22] . Within a scattering theoretical approach applied to two atoms in the regime of weakly nonlinear scattering [16] , the decrease of the CBS enhancement factor α was shown to be due to the partial distinguishability of the interfering amplitudes. In the general case of many atoms, three different amplitudes interfere constructively in the weakly nonlinear regime, such that α may exceed the linear barrier two [17, 18] . For arbitrary intensities of the injected laser light, a number of effects have been predicted within a master equation approach [19, 20] , such as a nonvanishing residual CBS contrast in the deep saturation regime, or CBS anti-enhancement under off-resonant driving. The strongly inelastic scattering regime studied by a quantum Langevin treatment highlighted the crucial role of inelastic susceptibilities [21] .
Here, we will focus on the spectral properties of the CBS signal, in order to provide a detailed interpretation of the residual CBS enhancement or anti-enhancement predicted earlier [19, 20] . This will also elucidate the structure of the CBS spectra presented in [21, 22] . Specifically, we will identify frequency domains where the interference contribution to CBS exhibits not only constructive but also destructive terms, or else a dispersive lineshape. We relate the spectral lines of the CBS spectrum to CBS transitions between atomic dressed states. We show that, in the limit of very intense laser fields, spectral ranges with destructive interference lead to a decreased enhancement factor, which, at exact resonance, shrinks to α ∞ = 23/21. For off-resonance driving, the destructively interfering processes can outweigh the constructively interfering ones, leading to values of the enhancement factor less than unity.
The paper is organized as follows: We start with a brief presentation of our two-atom model, and of the master equation approach. In Sec. III we present our results on the CBS spectrum. Section IV concludes the paper.
II. A MASTER EQUATION FOR TWO ATOMS
A. The model, and the main quantity of interest While details of our approach were presented elsewhere [20] , we recollect its basic ingredients relevant for our subsequent spectral analysis. We start out with the general formulation of a Hamiltonian describing N identical, stationary atoms embedded in an electromagnetic environment of quantized harmonic oscillators, and subjected (a) atoms (black dots) are driven by laser light with right circular polarization, while CBS is observed in the helicity preserving channel, that is, with flipped polarization. Photons in this channel appear as a result of double scattering. g is the strength of the far-field dipole-dipole coupling responsible for the exchange of photons; (b) internal atomic structure corresponding to a Jg = 0 → Je = 1 dipole transition. ω0 is the transition frequency, 2γ is the radiative linewidth, Ω is the Rabi frequency. Sublevels |1 and |3 have magnetic quantum number m = 0. Sublevels |2 and |4 correspond to m = −1 and m = 1, respectively. The thick solid arrow represents the laser field driving the |1 ↔ |4 transition, while the dashed arrow indicates the CBS field originating from the |1 ↔ |2 transition.
to an external (classical) laser field of arbitrary intensity. Coupling to the bath gives rise to spontaneous emission from the excited state and to the far-field dipole-dipole interaction responsible for the exchange of photons between the atoms, whereas the coupling to the laser field induces Rabi oscillations of the populations and coherences on the laser-driven atomic transitions.
The intensity of the light scattered off the atomic system is expressed via the correlation functions of the emitting dipoles. We address a regime of multiple scattering which is relatively simple from the theoretical point of view: scattering by an optically thin atomic medium, where double scattering provides the dominant contribution to the CBS signal [10, 15] . It is in this double scattering regime where the first observation of a CBS reduction due to the saturation of atomic dipole transitions was reported [8] .
Under this specific conditions, considering a system of only two atoms suffices to grasp the essential physical phenomena. Thus, we come up with the toy model of CBS depicted in Fig. 1 . We will study CBS from two identical, motionless atoms, located at positions r 1 and r 2 , with the distance r 12 = |r 1 − r 2 | being much greater than the optical wavelength λ.
As for the internal atomic structure we choose nondegenerate atomic ground states, and the excited state with a three-fold degeneracy [see Fig. 1(b) ], precisely as in the Sr experiment [8] . The laser intensity is encoded in the saturation parameter s = Ω 2 /2(γ 2 + δ 2 ), where Ω is the Rabi frequency, γ is half the spontaneous decay rate of the atomic excited states, and δ = ω L − ω 0 is the laser-atom detuning.
We will consider the CBS signal in the helicity preserving (h h) polarization channel, as in [8] , with right circularly polarized laser light driving the |1 ↔ |4 transition, that is, ε L =ê +1 , in helicity basis notation. CBS with preserved helicity then corresponds to the detection of photons with flipped polarization, ε =ê −1 , that is, from |1 ↔ |2 transition, as shown in Fig. 1 .
The CBS spectrum can be derived from the average value of the first-order temporal correlation function of the field [23] :
where ρ is the initial density operator of the atom-field system, E (−/+) s (r, t) is the negative/positive frequency component of the electric field operator of the scattered field, and . . . conf denotes a configuration average. The components of the scattered field are the retarded fields radiated by the atomic dipoles,
where ε 0 is the permittivity of the vacuum,
, with σ α kl ≡ |k α l| α , is the dipole lowering operator, and t α = t − |r − r α |/c. In writing Eq. (2), we have assumed that r 12 ≪ r, that is, the field is detected at a distance much larger than the interatomic distance. In the following, we will for brevity omit the r-dependent prefactor of Eq. (2) and, consistently, of the temporal correlation functions.
Inserting Eq. (2) into Eq. (1) we obtain, in the steady state limit t → ∞,
where "ss" stands for steady state, τ = t ′ − t ≥ 0, r αβ ≡ r α − r β , and the inner angular brackets indicate the quantum mechanical expectation value [see Eq. (1)].
The spectrum follows via a Laplace transform of (3) [24] ,
ss (τ ), z = Γ − iν, with Γ ≥ 0, and ν = ω − ω L . Note that the spectrum is defined with respect to the laser frequency, what implies that the atomic correlation functions must be evaluated in the frame rotating at ω L .
B. Configuration average
A configuration average is necessary because the twoatom correlation functions may sensitively depend on the interatomic distance, and on the orientation of the vector r 12 with respect to k L , and thus exhibit rapid oscillations around the backscattering direction. These oscillations have the same nature as a speckle pattern scattered off a disordered medium. After many realizations of the disorder all interference maxima except the one due to CBS disappear. A simple and sufficient way to mimic disorder in our two-atom system is to assume an isotropic distribution of the radius-vector connecting the atoms, and a uniform distribution (with a width λ) of interatomic distances around the average distance ℓ equal to the scattering mean free path.
C. Master equation
To deduce the atomic correlation functions which enter the right hand side of Eq. (3) we adapted [19, 20] the theoretical approach of [25] . Within this setting, the dynamics of the dipole operators' expectation values as well as of the dipole-dipole correlators is governed by the master equation
where the Liouvillians L α and L αβ generate the time evolution of an arbitrary atomic operator Q, for independent and interacting atoms, respectively. Explicitly,
where Ω α = Ωe ikL·rα is the position-dependent Rabi frequency. The radiative dipole-dipole interaction due to exchange of photons between the atoms is described by the tensor ← → T (g,n) = γg ← → ∆ , with ← → ∆ = ← → 1 1 −nn the projector on the transverse plane defined by the unit vector n along the connecting line between atoms α and β. This interaction has a certain strength, depending on the distance between the atoms, via
with k 0 = ω 0 /c, and on the life time of the excited atomic levels, through γ. The coupling constant |g| ≪ 1 is small in the far-field (k 0 r αβ ≫ 1), where near-field interaction terms of order (k 0 r αβ ) −2 and (k 0 r αβ ) −3 can be neglected. Of course, an arbitrary operator Q inserted into Eq. (5) does not result in a closed differential equation. Our system consisting of two 4-level atoms leads to 255 = 4 2 × 4 2 − 1 linear coupled equations of motion for the associated expectation values. We solve them perturbatively to second order in g, to account for the lowest order (double-)scattering processes giving rise to a nontrivial interference contribution. To keep this in mind, symbols denoting double scattering intensities and spectra will carry the subscript 2.
Note that Eq. (5) describes the evolution of one-point correlation functions, whereas G (1) ss (τ ) is a two-point correlation function. By virtue of the quantum regression theorem [24] , the latter also satisfies Eq. (5), with initial conditions extracted from the stationary solution of (5). In particular, the double scattering counterpart of G (1) ss (0) is nothing but the stationary average backscattered light intensity which will be referred to as I tot 2 .
There is an obvious relation between I tot 2 and S 2 (ν) [obtained by expanding (3) to second order, in (4)]:
The total CBS intensity at backscattering direction can be decomposed in a sum of two terms,
where
ss conf ,
are the so-called "crossed" (C tot 2 (θ = 0)) and "ladder" (L tot 2 ) terms, respectively. Using these, we can derive the standard measure of the phase coherence between the counterpropagating amplitudes that contribute to CBS -the enhancement factor
For perfect two-wave interference, α = 2. In general, the total backscattered light intensity has elastic and inelastic components,
with the elastic component given by products of the expectation values of the atomic dipoles,
ss σ β 12 [1] ss e −ikL·r αβ conf .
For α = β we obtain the elastic ladder term L is determined. A detailed derivation of the stationary CBS intensity, together with analytical results for δ = 0, can be found in Appendix A.
III. CBS SPECTRUM
With the above premises, we can now proceed to the detailed analysis of the CBS spectrum, the central object of this paper. A detailed derivation of the CBS spectrum from the solution of Eq. (5) is given in the Appendix B, while the physical content thereof will be discussed in the following sections.
A. Elastic spectrum
In the saturation regime, the double scattering spectrum of CBS has elastic and inelastic parts. The elastic spectrum in the backscattering direction reads 
whereḡ is the configuration averaged value of g. A detailed interpretation of the elastic intensity was given in previous work [19, 20] . Here, we will focus on the . . .
B. Inelastic spectrum

Normalization
Since we are interested in the spectral properties of CBS, we will omit all frequency-independent prefactors. This is naturally achieved when considering normalized expressions. We choose the stationary inelastic ladder contribution L inel 2 as normalization factor, such that the integrals ofL
over ν yield unity and C inel 2 /L inel 2 , respectively. In the deep saturation regime, the value of the latter integral tends to the asymptotic value of the interference contrast of CBS, α ∞ (δ) − 1. Furthermore, for arbitrary saturation, the areas under the peaks of the normalized ladder spectrum give the relative probabilities of the corresponding inelastic processes.
The normalization itself depends on the parameters of the driving field. In Fig. 2 , we present several examples of the elastic and inelastic intensities, as functions of Ω, and for different values of the detuning δ. This figure shows, in particular, that, for δ = 20γ, the inelastic crossed term is negative, for a range of Rabi frequencies, with a minimum at Ω ≃ 20γ = δ (see Fig. 2(c) ). Furthermore, note that, since C = −0.066, and α = 0.991. The negativity of the total crossed term thus results in anti-enhancement (i.e., an enhancement factor α < 1) and was reported previously [20] . It is one of the purposes of the present paper to identify the physical origin thereof.
Weakly inelastic scattering
In the regime of small Rabi frequencies Ω ≪ γ, it is the lowest-order inelastic processes -two-photon processes, proportional to Ω 2 -that contribute to the inelastic spectrum. Consequently, the emerging spectral features of the ladder and crossed spectra derived with the aid of the master equation approach (see Fig. 3 ) can be interpreted on the basis of two-photon amplitudes derived in [16] . There it was shown that, in the weakly inelastic regime, one of the two atoms must scatter inelastically. Furthermore, for direct and (time-)reversed amplitudes (which have to interfere constructively to create the CBS signal), the inelastically scattering atom must be the same. Then it turns out that, although initial and final frequencies of the scattered photons are the same, the intermediate frequencies differ, leading to the nonreciprocity of the interfering amplitudes, and a decrease of the CBS enhancement factor. The non-reciprocity argument was also successfully applied to interpret a dispersive resonance of the crossed term's spectrum in the weakly inelastic regime [21] . Figure 4 shows direct (a) and reversed (d) processes contributing to the CBS signal. Without loss of generality, we assume that the left atom is scattering inelastically. The direct, E 1 , and reversed, E 2 , scattering amplitudes can be derived as [16] 
where φ is a phase which depends on the geometric configuration, and should be taken zero in the backscattering direction. From Eqs. (18) and (19), we obtain following expressions for the ladder and crossed spectra:
Expressions (20) and (21) precisely reproduce the spectral lineshape of the ladder and crossed spectra of Fig. 3 , and, up to the prefactor Ω 4 /(8πγ), coincide with the respective results of the master equation approach at vanishing detuning δ = 0 (see Eqs. (B13) and (B14) in Appendix B). They also allow for a transparent interpretation of the CBS spectra for arbitrary detuning δ.
By inspecting the denominators of Eqs. (20) and (21), we see that, at δ = 0, bothL inel 2 (ν) andC inel 2 (ν) must exhibit a single peak, at ν = 0, as is the case in Fig. 3(a) . At δ = 0, there must be two resonances at ν ≃ ±δ, with the more pronounced one at ν ≃ −δ (since the respective term is squared) (see Fig. 3(b,c) ). The physical reason for this behavior is easy to understand by recalling that upon inelastic scattering on the (left, in Fig. 4 ) atom, the re-emitted photon frequency ω can be either ω L − δ = ω 0 or ω L + δ = ω 0 + 2δ, as spelled out by the level diagram in Fig. 5 . The former, equal to the atomic resonance frequency, corresponds to ν ≃ −δ, and acquires a large scattering cross-section, while the latter corresponds to ν ≃ +δ, and has a diminished scattering cross-section since detuned by 2δ from the atomic transition frequency.
Another peculiarity of the CBS spectra which clearly stands out in Fig. 3 (c) as well as in Eq. (21) is a dispersive lineshape of the crossed spectrum around ν ≃ −δ. In other words, as the signal frequency passes from ω > ω 0 to ω < ω 0 , the interference character between the interference paths (a) and (b) of Fig. 4 turns from constructive to destructive. This is due to the continuous ω-dependence of the phase shift between the direct (18) and reversed (19) scattering amplitudes, passing through π/2 at ω ≃ ω 0 .
Strongly inelastic scattering
As the Rabi frequency Ω increases to values Ω > γ, scattering processes of higher than second order contribute for the individual atoms, resulting in the emission of the resonance fluorescence Mollow triplet [26] . Correspondingly, the CBS spectra become more complicated at intense driving. Figure 6 presents examples of normalized ladder and crossed spectra for two fixed values of the Rabi frequency, Ω = 10γ (Fig. 6(a-c) ), and Ω = 20γ ( Fig. 6(d-f) ).
At exact resonance, the spectra remain symmetric, with signatures of five resonances at ν = ±Ω, ν = ±Ω/2, and ν = 0. Crossed spectra take negative values in a frequencies range which spares out the central, positive, peak. With increasing δ, some of the resonances approach each other (observe, e. g., the change of position of the two left-most resonances of the ladder term from Fig. 6(a) to (b), and from (d) to (e)), and eventually merge (see Fig. 6(f) ). Fig. 6(c) is qualitatively reminiscent of Fig. 3(c) , though additionally garnished with a signal at ν ≃ 0 in both the ladder and crossed spectra. This additional resonance stems from the central peak of the Mollow triplet, emerging in three-photon scattering processes on one atom. In contrast, Fig. 3(c) corresponds to a much weaker saturation parameter (s = 2 × 10 −4 ) where three-photon processes are negligible, and hence the central Mollow peak is not visible..
A notable feature of the spectra of Fig. 6 is that, for δ = 20γ ((c) and (f)), the overall inelastic crossed term becomes negative, i.e., = 0.057 which can be extracted from Fig. 2(c) for Ω = 20γ. Therefore, the enhancement factor α = 1
2 ) is equal to 0.991 < 1, in accordance with [20] and Sec. III B 1. It is now clear that the anti-enhancement comes from destructive self-interference of inelastically scattered photons around ν = −28γ ≃ − √ Ω 2 + δ 2 , with Ω = δ = 20γ. As seen in Fig. 6(f) , at these parameter values, the two resonances at which the crossed spectrum is negative are almost merged. Hence, the destructively interfering processes responsible for each distinct resonance become indistinguishable, and interfere with each other. This interference additionally broadens the negative area of the crossed spectrum, leading to anti-enhancement. As the detuning becomes much larger than the Rabi frequency, only the dispersive resonance of the crossed spectrum survives, leading to a picture qualitatively similar to that of Figs. 3(c), 6(c). The position of this resonance corresponds to the resonance frequency of an ac-Stark shifted CBS transition, and will be specified in the next subsection.
Limit of well-separated spectral lines
Although the positions of the resonances of the CBS spectrum could be guessed from the results presented in the previous section, the spectral line shape for the ladder and crossed terms is not quite clear, since not yet fully resolved at the Rabi frequency considered. To reach a fully transparent picture, we will now address the limit of well-separated spectral lines, at Ω ≫ γ.
a. Exact resonance. Let us start with a reminder of the level structure of the pumped (by the driving laser) and probed (by the scattered photon) transitions of both atoms. In an intense laser field with Ω ≫ γ, the pumped transition |1 ↔ |4 is strongly coupled to the laser mode. In this case, it is instructive to treat the latter as a quantum system [27, 28] . The eigenstates of the laser-atom interaction Hamiltonian are the dressed states | ± (N ) α . For δ = 0, they read
where N and N + 1 refer to the number of photons in the laser mode, and α labels the atoms. Inasmuch as the dressed states represent superpositions of the ground and excited atomic states of the laser-driven transition, they have widths equal to γ for the resonant driving [28] . Spontaneous transitions from the dressed states manifold {| ± (N ) α } to {| ± (N − 1) α } lead to emission of the fluorescence spectrum centered at frequencies ω L −Ω, ω L , and ω L + Ω known as the Mollow triplet [26] (see the left of Fig. 7 ). The width of the central peak is defined by the decay rate of the dressed state's populations, and is equal to 2γ, while the width of the sidebands is determined by the decay rate of the coherences between the dressed states, and is equal to 3γ [28] . On the other hand, the level |2 is not affected by the laser field. As a result, the probed transition |1 ↔ |2 of both atoms, giving rise to CBS photons, is affected by the laser field only via the state |1 . For that reason, new resonance frequencies of the probed transition emerge at ω L ± Ω/2 (the right of Fig. 7) .
When the Mollow triplet emitted by one atom is incident on another atom, it is scattered on the internal structure of the latter. Relevant scattering processes that can take place are depicted on the right of Fig. 7 . Each photon can be scattered either elastically or undergo Raman-Stokes or -anti-Stokes (multiphoton) transitions [29] (which lead to a frequency change by −Ω or Ω, respectively), which conserve energy and angular momentum. It follows that the CBS spectrum must have resonances at ν = ±2Ω, ν = ±Ω, and ν = 0. The diagramms describing the emission of CBS photons at these frequencies are (a)-(l) on the right of Fig. 7 .
However, there are two more diagrams, (m) and (n), that apparently do not fit into the scheme just described. On these diagrams, photons with frequencies ν = ±Ω/2 are resonantly scattered to give rise to an additional doublet in the CBS spectrum. This is nothing but an AutlerTownes doublet [30, 31] : One should bear in mind that a Lorentzian distribution has long tails, and thus emission of photons with frequencies very different from the central frequencies is not impossible, though with very small probabilities. For instance, two laser photons may be transformed into two fluorescence photons with frequencies ω L + Ω/2 and ω L − Ω/2, with each of these photons appearing as a result of quantum interference between the Rayleigh and Raman-anti-Stokes or -Stokes transitions, respectively [32] .
What makes the frequencies ω L ± Ω/2 special in our present problem is that both (dressed) atoms have two transitions exactly in resonance with these frequencies. Therefore, although the probability of the creation of a pair of photons with frequencies ω L ± Ω/2 is relatively small, the probability of their double scattering is high, due to a large resonant scattering cross-section on the transition |1 ↔ |2 modified by the ac-Stark effect. The overall effect finally acquires the same strength as the elastic (though non-resonant) scattering of photons which are emitted into the dominant frequency components of the Mollow triplet, by the first atom.
The results of our calculation are presented in Fig. 8(a) . Consistently with our analysis, both the ladder and crossed spectra consist of seven resonances, with the positions precisely at the predicted frequencies, that is, at ν = ±2Ω, ν = ±Ω, ν = ±Ω/2, ν = 0. The respective analytic expressions, (B19) and (B20), can be found in Appendix B.
Let us now discuss the ladder spectrum in more detail, while postponing the analysis of the spectrum of the interference contribution for the next subsection. In the ladder spectrum, three of its resonances, at ν = 0 and ν = ±Ω, represent sums of two Lorentzians with different widths. The remaining ones are simple Lorentzians. In order to understand this structure quantitatively, let us reinspect the diagrams on the right of Fig. 7 : We start with the central CBS resonance at ν = 0. Several processes, (d), (e), (g), and (j) on the right of Fig. 7 contribute. Diagrams (e) and (g) represent a photon emitted by the first atom into the inelastic Rayleigh component (centered at ω L ), elastically scattered on the dressed states | + (N − 1) and | − (N − 1) . The corresponding amplitudes add coherently, so that the two scattering processes are equivalent to elastic scattering by the atomic ground state |1 . Since the ground state does not have a linewidth, the resulting frequency distribution is the same as for the Rayleigh component of the resonance fluorescence spectrum, that is, the width 2γ of the excited atomic levels. In contrast, the processes (d) and (j) involve sideband photons centered at either ω L + Ω or ω L − Ω undergo Raman process on | + (N − 1) or | − (N − 1) , respectively. This leads to an additional broadening of the frequency distribution of photons, associated with these transitions, by 3γ. Neither of the processes (d) and (j) interferes with (e) and (g), because the frequency changes associated with these transitions are different, and information about the latter is carried into the environment by the undetected photons [16] . As a result, each of the processes (d) and (j) contributes to the CBS ladder spectrum with a Lorentzian centered at ν = 0, with linewidth 6γ, which adds to the one due to the Rayleigh transitions.
As for the sidebands at ν = ±Ω, there are three processes contributing to each of them. Since the spectrum is symmetric, let us analyse the low-frequency sideband. The relevant processes are (a), (c), and (f) in Fig. 7 . Processes (a) and (c) are completely analogous to (e) and (g). That is, they add coherently, and the resulting linewidth is the same as for sideband photons of the single-atom spectrum, that is, 3γ. The process (f) is analogous to the process (j), hence the linewidth of the respective Lorentzian must be the sum of the linewidths of the Rayleigh photon and of a dressed state. Thus, we obtain a Lorentzian with linewidth 5γ centered at ω L −Ω.
We proceed in the same manner with the sidebands at ν = ±2Ω. The respective diagrams for the lowerfrequency sideband are (b) and (l). Since, in both cases, the sideband photons of the resonance fluorescence spectrum undergo Raman processes, the linewidth of the associated Lorentzian is 6γ.
Also note that the crossed term has the same lineshape as the ladder term, at ν = ±2Ω [see Fig. 8(a) ]. This peculiarity of the CBS spectrum will be discussed in more detail in the next subsection. In brief, it is related to the fact that there is only one direct and its reciprocal process, which contribute to the CBS spectral lines at either one of these frequencies. Therefore, these inelastic photons (self-)interfere perfectly well. Although the contribution of the processes at ν = ±2Ω is very small, it is non-negligible. The numbers for the integral contributions of the ladder and crossed terms to the resonances in Fig. 8 (a) (these numbers can be easily extracted from Eqs. (B19) and (B20)) yield precisely the asymptotic value of the enhancement factor α ∞ = 23/21 derived in [20] . Without the contributions from the outer sidebands, one would underestimate α ∞ by approximately 6%.
Finally, let us consider the doublet at ω L ± Ω/2. The respective diagrams in Fig. 7 , (m) and (n), describe the resonant scattering of photons on the transitions |+(N −1) → |2 and |−(N −1) → |2 . Since the incoming photons do not originate from the (Mollow) peaks of the resonance fluorescence spectrum emitted by the first atom, the corresponding linewidths are only defined by the linewidths of the 'filtering' transitions of the second atom. These linewidths 3γ are a sum of the width 2γ of the excited level |2 , and the linewidth γ of either of the dressed states.
b. Detuned case. For δ = 0, the major part of the above analysis for δ = 0 is still valid. Though some modifications are needed, in order to explain why some resonances creep towards the other ones; their weights are redistributed, and even the interference character of some of them is changed (see Fig. 8(b) ). Here, we will comment on their linewidths and positions.
To derive the new linewidths of the ladder term, one needs to account for the dependence of linewidths of the resonance fluorescence spectrum of the first atom on the detuning [26] . With that and Fig. 7 , one easily obtains the linewidths of the CBS ladder spectrum, at finite δ.
It is easy to show that the new resonance frequencies of the CBS transition |1 ↔ |2 , modified by the acStark effect, are ω 0 ± (Ω ′ ± δ)/2, where Ω ′ = √ Ω 2 + δ 2 is the modified Rabi frequency [26] . It follows that for the detuned case, seven CBS resonances manifest at ν = ±2Ω ′ ν = ±Ω ′ , ν = ±(Ω ′ ∓ δ)/2, and ν = 0. Therefore, as we increase the detuning, the Autler-Townes doublet centered at ν = −(Ω ′ + δ)/2 approaches the sideband at ν = −Ω ′ , whereas its counterpart centered at ν = (Ω ′ − δ)/2 approaches the central resonance, as evident from Fig. 8(b) .
Since the single-atom resonance fluorescence spectrum is always symmetric, this also explains why the sideband at ν = −Ω ′ which is red-shifted with respect to ν = 0 gains more weight than its blue-shifted counterpart: It is closer to the transition frequency ω
Consequently, the associated scattering cross-section is larger. This also explains a larger value of the peak at ν = −(Ω ′ + δ)/2 than at ν = (Ω ′ − δ)/2, given that, under the detuned driving, these resonances originate mainly from the two sidebands of the Mollow triplet. However, when we consider Raman scattering at ν = ±2Ω ′ , the scattering cross-section for a photon at ω L + Ω ′ depends on its detuning (Ω ′ + δ)/2 from the transition |2, N ↔ | + (N − 1) [see Fig. 7(l) ]. Likewise, the cross-section for a photon at ω L − Ω ′ is determined by its detuning (3Ω ′ −δ)/2 from the transition |2, N ↔ | − (N − 1) [see diagram (b) on the right of Fig. 7 ]. For Ω = 100γ and δ = 20γ, the latter detuning is obviously larger, leading to a redistribution of signal weights in favor of the blue-shifted sideband [compare the insets of Fig. 8(b) ]. Note also that this asymmetry does not spoil the perfectness of the interference of CBS photons around ν = ±2Ω ′ .
C. Interpretation of the crossed spectrum at δ = 0
Finally, for an intuitive interpretation of the interference character of different components of the crossed term's spectrum, we will rely upon the diagrammatic technique developed in [16] . We will see that a slightly modified version thereof in terms of dressed states allows for the explanation of the destructive interference at ν = ±Ω, of the dispersive resonances at ν = ±Ω/2, FIG. 9: Qualitative interpretation of the interference character. Grey-shaded and black spots represent atoms scattering inelastically and quasi-elastically, respectively. Solid and dashed arrows correspond to direct and reversed scattering amplitudes, respectively. In examples (a) and (b), the direct and the reversed amplitudes are reciprocal, whereas they are not in cases (c) and (d).
and of the constructive interferences at the other resonances.
Let us first note that the interference character of different resonances of the crossed spectrum is defined by how much, if at all, the outgoing light frequency is shifted with respect to the incoming laser frequency ω L . In the secular limit Ω ≫ γ, these shifts are of the order of Ω, with the widths of the shifts' distribution of the order of γ. Frequency shifts give rise to phase shifts between the interfering amplitudes. Taking into account the continuous ω-dependence of the amplitudes' phases, we will ignore the frequency changes of the order of γ, and refer to the respective scattering processes as 'quasi-elastic'. We will label 'inelastic' the processes upon which the frequency changes by the quantity of the order of Ω.
With these preliminaries, we will use diagrams similar to that of Fig. 4 , to depict direct and reversed scattering amplitudes for the scattering processes contributing to the CBS spectrum, in the limit of well-separated spectral lines (see Fig. 8 ). These diagrams, shown in Fig. 9 , split into three categories: (a), both atoms scatter quasielastically; (b), (d), both atoms scatter inelastically; (c), one of the two atoms scatters inelastically. When both atoms scatter quasi-elastically [ Fig. 9(a) ], or inelastically -into the outer sidebands [ Fig. 9(b) ], there is a reciprocal, reversed process, such that the interference is perfect, as indeed observed for peaks at ν ≃ 0 and ν ≃ ±2Ω of Fig. 8(a) , since there, the crossed and the ladder contributions are indistinguishable. However, note that, since each inelastic event induces the same change of frequency for both reversed processes, the intermediate photons (ω L ±Ω) have opposite detuning from the laser frequency in Fig. 9(c) . In the case δ = 0, those two frequencies are equally far detuned from the atomic resonance, and, as evident from Fig. 8(a) , the equality between the reversed amplitudes remains preserved. Only for non-vanishing detuning, the interference contrast at ν = 0 is slightly reduced, see Fig. 8(b) , where the weights of the crossed and ladder contribution (0.144 and 0.157) are different. Now let us address diagram (d) of Fig. 9 which is reminiscent of Fig. 4 . This diagram shows non-reciprocal interfering amplitudes, which, depending on the frequency shifts between the intermediate photons for direct and reversed paths, can describe either the dispersive features (which corresponds to ν = ±Ω/2) of the crossed term's spectrum, or the destructive interference thereof (at ν = ±Ω). In order to see this, we will construct explicit expressions for the direct and reversed scattering amplitudes. Although both atoms are driven by a powerful laser field, it is sufficient to consider the twophoton scattering amplitudes, as in Fig. 4 , provided that the ac-Stark shifts of the CBS transition |2 ↔ |1 as well as of the laser-driven transition |4 ↔ |1 are properly accounted for. In other words, for the CBS transition, instead of considering the atomic resonance frequency ω 0 , one should consider two resonance frequencies ω ′ 0 = ω 0 − Ω/2 and ω ′′ 0 = ω 0 + Ω/2. On the other hand, ω 0 remains the resonance frequency for the laserdriven transition. It should be stressed that our present treatment is very schematic and does not pretend to be a full explanation of the interference character in the saturation regime. Rather, we aim here at a qualitative understanding of the interference effect as observed in Fig. 8 .
In order to construct the direct and reversed amplitudes, E 1 and E 2 , respectively, we employ the symmetry of the CBS spectrum at δ = 0 with respect to a change of the sign of ν, and consider only the interference character of the two resonances, at ν * ≃ Ω, Ω/2. In the direct two-photon process, photons with frequencies ω L + ν * and ω L − ν * are scattered by the first atom. We assume that the detected photon with frequency ω * = ω L + ν * is quasi-elastically scattered on an ac-Stark shifted transition with frequency ω ′′ 0 of the second atom, since ω * is closer to the modified transition frequency ω ′′ 0 than to the one with frequency ω ′ 0 . For the reversed amplitude, a laser photon is scattered quasi-elastically by the second atom. Then, the first atom scatters inelastically a pair of photons with frequency ω L into photons with frequencies ω * and 2ω L − ω * , with the detected photon originating from the Raman-anti-Stokes scattering on the ac-Stark shifted transition with the resonance frequency ω ′ 0 , while the undetected photon scatters on the laser-driven transition, for which ω 0 is the resonance frequency.
With the above assumptions, the amplitudes E 1 and
It is easy to check that the phase shift between the nonreciprocal amplitudes (23) and (24) continuously depends on ω * (or ν * ). For ν * ≃ Ω/2, in full analogy with the case studied in Sec. III B 2 [since ν * corresponds to the (modified) transition frequency], the interfering amplitudes are phase shifted by approximately π/2, and thus describe a dispersive line shape, under slight variation of ν * . The same amplitudes, for ν * ≃ Ω, are phase shifted by approximately π and therefore interfere destructively. This is quite analogous to the interference-induced antienhancement of CBS in the regime of elastic scattering, due to the non-reciprocity of combined Rayleigh and Raman scattering processes [33] . Both the dispersive line shape and the anti-enhancement is precisely what is observed in Fig. 8(a) .
IV. CONCLUSION
We presented a detailed calculation of the spectrum of coherent backscattering of light by two identical, randomly placed atoms, for arbitrary strengths of the laser field.
We saw that the CBS spectrum exhibits its most complicated structure in the limit of strong driving. The ladder term's spectrum reveals seven Lorentzian peaks which represent: (i) Mollow triplet photons (re-)scattered by the second atom, with resonances at The crossed term's spectrum reveals resonances located at the same frequencies as those of the ladder term. We interpreted the interference character of different resonances through reciprocity arguments applied to dressed states. Interference is always constructive for the central resonance at ω = ω L , and for the outer sidebands at ω = ±2Ω. It changes character in the vicinity of the Autler-Townes doublet (at ω = ω L ± Ω/2, where the crossed term's spectrum is described by a dispersive curve), and contributes a negative Lorentzian at ω = ω L ± Ω.
For the case of the detuned driving, at |δ| ≃ Ω, one of the dispersive resonances overlaps with one of the negative Lorentzians. Interference between the scattering processes responsible for appearance of these two resonances may lead to CBS anti-enhancement.
In order to describe a mapping of the elements of the two 16 × 16 vectors onto the vector with 255 elements, it is convenient to numerate the basis operators starting from '0'. We will denote the ith element of a vector a by [a] 
n , where n = 16l + m, 0 ≤ l, m ≤ 15. After we exclude the first element of the tensor product (it corresponds to l = m = 0), we obtain that n runs from 1 to 255. Then, the matrices A, V, and j are generated by inserting 255 elements of the vector Q to Eqs. (6), (7) and performing the quantum mechanical averaging:
From the Laplace transform solution to Eq. (A1),
, where z is defined in the main text after Eq. (4), and 1 1 255 is the unit 255 × 255 matrix, we extract the steady state solution Q ss = lim z→0 z Q (z) .
The double scattering contribution corresponds to the perturbative expansion of Q ss to the second order in the coupling constant g, Q [2] ss = G 0 VG 0 VG 0 j, where G 0 ≡ −A −1 . Finally, the correlation functions relevant for the evaluation of the total ladder and crossed contributions [see Eqs. (11), (12) 
where Q [1] ss = G 0 VG 0 j. Numerical results for the elastic and inelastic intensities for different detunings can be found in the main text. In the next subsection, we will present analytical results for the case of exact resonance.
Analytical results for δ = 0
Evaluating correlation functions from Eq. (A5), we arrive at following results [20] 2 Re { σ
, and P (s) are polynomial expressions in the on-resonance saturation parameter s = Ω 2 /2γ 2 , R 1 (s) = 2 9 6912s + 3168s
and
The configuration average of (A7) and (A8) leads to the final result
withḡ = g| r αβ =ℓ . The scattering angle θ = 2 arcsin{|k + k L |/2k L } ≪ 1 with respect to the backscattering direction was assumed to be sufficiently small herein. The enhancement factor α(s), Eq. (13), deduced from Eqs. (A10) and (A11) reads
and α(0) = 2.0 in the weak field limit, as it must be in the elastic scattering regime. For small s, enhancement linearly decreases as 2 − s/4, in full agreement with the diagrammatic theoretical result [16] and in qualitative agreement with the result of Sr experiment [8] . When s increases further, α monotonically drops to an asymptotic value lim s→∞ α(s) = α ∞ = 23/21 [20] which is strictly larger than unity, implying a residual constructive interference in the deep saturation regime. We will next show that this interference is due to inelastic photons only. Indeed, we obtained the following result for the elastic ladder and crossed terms
As seen from Eq. (A13) the elastic component shows perfect contrast for all s. In particular, it is this component that results in enhancement α = 2 for very small s → 0. However, in the deep saturation regime, this component decreases as s 
where we have retained only the lowest and highest order terms in the numerators, because these terms will be used to verify the expressions for the spectra. Explicit values of other coefficients are not important. Using (A14) and (A15), it is easy to verify that lim s→∞ C 
where we have used the formula
with P denoting the principal value of an integral. One can check that the right hand side of Eq. (B9b) does not have a pole at z = 0, which means that the respective expression describes the inelastic spectrum. At small Rabi frequencies, the analytical formulas are obtained after taking into account the lowest-order inelastic process -the two-photon scattering, -and neglecting the inelastic processes of higher orders. The two-photon processes are proportional to the square of the intensity, that is, to Ω 4 . The ladder and crossed terms read (we omit the common prefactor 2|ḡ| 2 /15):
It is easy to check that the expressions (B13), (B14) are consistent with the behavior of the enhancement factor in the two-photon scattering regime. IntegratingL 
b. Strong field (Ω ≫ γ)
In the opposite limit of a strong field, the CBS intensity is inversely proportional to the laser field intensity. We will now present the analytical expressions for the ladder and crossed spectra derived in the leading order ∼ (γ/Ω) 2 . In this case, explicit expressions for CBS spectra can be represented by using a function of two real variables x 1 and x 2 :
£(x 1 , x 2 ) = 1 π
Let us mention the properties of £(x 1 , x 2 ) that are important to us: (i) if x 1 = Const, then the function (B18) represents a Lorentzian with full width at half maximum (referred to as width in the main text) 2x 1 and resonance at x 2 = 0; (ii) if x 2 = Const, then (B18) describes a resonance of a dispersive type at x 1 = 0, with the width 2x 2 .
With the help of the function (B18), the ladder and crossed spectra are given bỹ 
where the two terms of order (γ/Ω) 3 are retained because they define dispersive resonances ofC 
